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Abstract. Let H1 and H2 be Hopf algebras which are not necessarily finite
dimensional and α, β ∈ AutHopf(H1), γ, δ ∈ AutHopf(H2). In this paper, we intro-
duce a category H1LRH2(α, β, γ, δ), generalizing Yetter-Drinfeld-Long bimodules
and construct a braided T -category LR(H1, H2) containing all the categories
H1LRH2(α, β, γ, δ) as components. We also prove that if (α, β, γ, δ) admits a
quadruple in involution, then H1LRH2(α, β, γ, δ) is isomorphic to the usual category
H1LRH2 of Yetter-Drinfeld-Long bimodules.
Keywords: Braid T -category; Yetter-Drinfeld-Long bimodule; Quadruple in
involution.
MSC 2010: 16T05, 18D10.
Introduction
Braided T -category, introduced by Turaev in [11] (see also [10, 12, 13]), is of
intense interest since it could give rise to homotopy quantum field theories. A.
Kirillov [3] found that braided T -categories also provide a suitable mathematical
tool to describe the orbifold models which arise in the study of conformal field
theories, and play a key role in the construction of Hennings-type invariants of flat
group-bundles over complements of link in the 3-sphere (see [14]). As such they are
interesting to different research communities in mathematical physics (for example,
see [2, 3]).
∗Corresponding author: dgwang@qfnu.edu.cn
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In the theory of Hopf algebra, there are mainly two methods for the construction
of braided T -category. One is to construct Turaev group-coalgebra, the representa-
tive category of which is a braided T -category. For details the readers can refer to
[1, 15, 18]. The other was proposed by F. Panaite and M. Staic in their paper [8],
which is based on some kind of generalized Yetter-Drinfeld module of Hopf algebra
with bijective antipode. Since then their method was followed and generalized to
other Hopf algebra structure, such as in [5] to weak Hopf algebra, in [16] to multi-
plier Hopf algebra, in [17] to monoidal Hom-Hopf algebra, in [4] to weak monoidal
Hom-Hopf algebra and so on. And recently in [7] the first author constructed a
braided T -category by a method dual to that of [8].
In [9] F. Panaite and F. Van Oystaeyen introduced a braided monoidal category,
the category LR(H) of Yetter-Drinfeld-Long bimodules of a Hopf algebra H , which
is more generalized than Yetter-Drinfeld category HHYD. As we all know, a Hopf
algebra in HHYD corresponds to the classic Radford biproduct, while more generally
the Hopf algebra in LR(H) corresponds to L-R smash biproduct also defined in [9].
In [6] the first author pointed out that, for H being finite dimensional, LR(H) is
actually a Yetter-Drinfeld category.
Motivated by these results, in this paper, we will construct a more generalized
braided T -category than the one in [8] via the category H1LRH2(α, β, γ, δ) of gen-
eralized Yetter-Drinfeld-Long bimodules with the Hopf algebras H1, H2( not being
necessarily finite dimensional) and α, β ∈ Aut(H1), γ, δ ∈ Aut(H2).
This paper is organized as follows. In section 1, we will recall the notions of
crossed group category and braided T -category. In section 2, we will give the
construction of braided T -category LR(H1, H2), and prove that the subcategory
LR(H1, H2)fd consisting of finite dimensional objects is rigid. In section 3, we will
apply our construction to the case of group algebras. In section 4, we will give the
isomorphism of category H1LRH2(α, β, γ, δ) ≃H1LRH2 via a quadruple (f1, g1, f2, g2)
in involution corresponding to (α, β, γ, δ).
1 Preliminaries
Throughout this paper, let k be a fixed field, and all vector spaces and tensor
product are over k.
Let G be a group with the unit 1. Recall from [11] that a crossed T -category C
over G is given by the following data:
• C is a strict monoidal category.
• A family of subcategories {Cα}α∈G such that C is a disjonit union of this family
and that U ⊗ V ∈ Cαβ for any α, β ∈ G, U ∈ Cα and V ∈ Cβ.
• A group homomorphism ϕ : G → Aut(C), β 7→ ϕ
β
, the conjugation, where
Aut(C) is the group of the invertible strict tensor functors from C to itself, such that
ϕ
β
(Cα) = Cβαβ−1 for any α, β ∈ G.
We will use the Turaev’s left index notation: Given β ∈ G and an object V ∈ Cα,
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the functor ϕ
β
will be denoted by β(·) or V (·) and β
−1
(·) will be denoted by V (·).
Since V (·) is a functor, for any object U ∈ C and any composition of morphism g ◦ f
in C, we obtain V idU = idV U and
V (g ◦ f) =V g ◦V f . Since the conjugation ϕ : π →
aut(C) is a group homomorphism, for any V,W ∈ C, we have V⊗W (·) =V (W (·)) and
1(·) = V (V (·)) = V (V (·)) = idC. Since for any V ∈ C, the functor
V (·) is strict, we
have V (f ⊗ g) =V f ⊗V g for any morphism f and g in C, and V (1) = 1.
A braided T -category is a crossed T -category C endowed with a braiding, i.e., a
family of isomorphisms
c = {c
U,V
: U ⊗ V → V U ⊗ V }U,V ∈C
obeying the following conditions:
• For any morphism f ∈ HomCα(U, U
′) and g ∈ HomCβ(V, V
′), we have
(αg ⊗ f) ◦ c
U,V
= c
U′,V ′
◦ (f ⊗ g),
• For all U, V,W ∈ C, we have
c
U⊗V,W
= (c
U,V W
⊗ idV )(idU ⊗ cV,W ), (1.1)
c
U,V⊗W
= (idUV ⊗ cU,W )(cU,V ⊗ idW ). (1.2)
• For any U, V ∈ C and α ∈ G, ϕ
α
(c
U,V
) = cαU,αV .
2 The construction of LR(H1, H2)
The aim of this section is to construct the braided T -category LR(H1, H2). First
of all, we need to give the following definition.
Definition 2.1. Let H1, H2 be two Hopf algebras, α, β ∈ AutHopf(H1), γ, δ ∈ AutHopf(H2).
The category H1LRH2(α, β, γ, δ) is defined as follows. The objects are vector spaces
M endowed with H1-H2-bimodule and H1-H2-bicomodule structures (denoted by h
′⊗
m 7→ h′ ⊲ m,m ⊗ h′′ 7→ m ⊳ h′′, ρ1(m) = m(0) ⊗m(1), ρ2(m) = m[−1] ⊗ m[0], for all
h′ ∈ H1, h
′′ ∈ H2, m ∈M), such that M is a left-right (α, β)-Yetter-Drinfeld module
under (⊲, ρ1), a right-left (γ, δ)-Yetter-Drinfeld module under(⊳, ρ2), a left and right
Long module, i.e.
α(h′1)m(−1) ⊗ h
′
2 ⊲ m(0) = (h
′
1 ⊲ m)(−1)β(h
′
2)⊗ (h
′
1 ⊲ m)(0), (2.1)
(h′ ⊲ m)[0] ⊗ (h
′ ⊲ m)[1] = h
′ ⊲ m[0] ⊗m[1], (2.2)
m[0] ⊳ h
′′
1 ⊗m[1]δ(h
′′
2) = (m ⊳ h
′′
2)[0] ⊗ γ(h
′′
1)(m ⊳ h
′′
2)[1], (2.3)
(m ⊳ h′′)(−1) ⊗ (m ⊳ h
′′)(0) = m(−1) ⊗m(0) ⊳ h
′′. (2.4)
The morphisms in H1LRH2(α, β, γ, δ) are H1-H2-bilinear and H1-H2-bicolinear. The
object in H1LRH2(α, β, γ, δ) is called (α, β, γ, δ)-Yetter-Drinfeld-Long bimodule.
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Remark 2.2. (1) In the above definition, the condition (2.1) is equivalent to
(h′ ⊲ m)(−1) ⊗ (h
′ ⊲ m)(0) = α(h1)m(−1)β(S(h3))⊗ h
′
2 ⊲ m(0). (2.5)
The condition (2.3) is equivalent to
(m ⊳ h′′)[0] ⊗ (m ⊳ h
′′)[1] = m[0] ⊳ h
′′
2 ⊗ γ(S(h
′′
1))m[1]δ(h3). (2.6)
(2) Denote H1LRH2 = H1LRH2(id, id, id, id). Obviously the category LR(H) in-
troduced in [9] is a special case of H1LRH2 when H1 = H2.
Example 2.3. Let α, β ∈ Aut(H1), γ, δ ∈ Aut(H2), and assume that there exist
algebra maps f1 : H1 → k, f2 : H2 → k and group-like elements g1 ∈ H1, g2 ∈ H2
such that for all h′ ∈ H1, h
′′ ∈ H2,
α(h′) = g1f1(h
′
1)β(h
′
2)f1(S(h
′
3))g
−1
1 ,
δ(h′′) = g−12 f2(S(h
′′
1))γ(h
′′
2)f2(h
′′
3)g2.
For any vector space V , define
h′ ⊲ v = ε1(h
′)v, v(−1) ⊗ v(0) = g1 ⊗ v,
v ⊳ h′′ = ε2(h
′′)v, v[0] ⊗ v[1] = v ⊗ g2,
for all v ∈ V . Then one can check that V ∈ H1LRH2(α, β, γ, δ). We will call
(f1, g1, f2, g2) a quadruple in involution corresponding to (α, β, γ, δ).
Proposition 2.4. Let M ∈H1LRH2(α1, β1, γ1, δ1), N ∈H1LRH2(α2, β2, γ2, δ2), then
M ⊗N ∈H1LRH2(α2α1, α2β1α
−1
2 β2, γ1γ2, δ2γ
−1
2 δ1γ2) with the following structure
h′ ⊲ (m⊗ n) = h′1 ⊲ m⊗ h
′
2 ⊲ n,
(m⊗ n)(−1) ⊗ (m⊗ n)(0) = α2(m(−1))α2β1α
−1
2 (n(−1))⊗m(0) ⊗ n(0),
(m⊗ n) ⊳ h′′ = m ⊳ γ2(h
′′
1)⊗ n ⊳ γ
−1
2 δ1γ2(h
′′
2),
(m⊗ n)[0] ⊗ (m⊗ n)[1] = m[0] ⊗ n[0] ⊗m[1]n[1].
Proof. Clearly M ⊗ N is an H1-H2-bimodule and H1-H2-bicomodule. For all h
′ ∈
H1, m ∈M ,
[h′1 ⊲ (m⊗ n)](−1)α2β1α
−1
2 β2(h
′
2)⊗ [h
′
1 ⊲ (m⊗ n)](0)
= [h′1 ⊲ m⊗ h
′
2 ⊲ n](−1)α2β1α
−1
2 β2(h
′
3)⊗ [h
′
1 ⊲ m⊗ h
′
2 ⊲ n](0)
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= α2((h
′
1 ⊲ m)(−1))α2β1α
−1
2 ((h
′
2 ⊲ n)(−1))α2β1α
−1
2 β2(h
′
3)⊗ (h
′
1 ⊲ m)(0) ⊗ (h
′
2 ⊲ n)(0)
= α2((h
′
1 ⊲ m)(−1))α2β1(h
′
2)α2β1α
−1
2 (n(−1))⊗ (h
′
1 ⊲ m)(0) ⊗ h
′
3 ⊲ n(0)
= α2α1(h
′
1)α2(m(−1))α2β1α
−1
2 (n(−1))⊗ h
′
2 ⊲ m(0) ⊗ h
′
3 ⊲ n(0)
= α2α1(h
′
1)(m⊗ n)(−1) ⊗ h
′
2 ⊲ (m⊗ n)(0),
which proves (2.1) and the verification of (2.2) and (2.3) is straightforward.
[(m⊗ n) ⊳ h′′](−1) ⊗ [(m⊗ n) ⊳ h
′′](0)
= [m ⊳ γ2(h
′′
1)⊗ n ⊳ γ
−1
2 δ1γ2(h
′′
2)](−1) ⊗ [m ⊳ γ2(h
′′
1)⊗ n ⊳ γ
−1
2 δ1γ2(h
′′
2)](0)
= α2[(m ⊳ γ2(h
′′
1))(−1)]α2β1α
−1
2 [(n ⊳ γ
−1
2 δ1γ2(h
′′
2))(−1)]
⊗ (m ⊳ γ2(h
′′
1))(0) ⊗ (n ⊳ γ
−1
2 δ1γ2(h
′′
2))(0)
= α2(m(−1))α2β1α
−1
2 (n(−1))⊗m(0) ⊳ γ2(h
′′
1)⊗ n(0) ⊳ γ
−1
2 δ1γ2(h
′′
2)
= (m⊗ n)(−1) ⊗ (m⊗ n)(0) ⊳ h
′′,
which proves (2.4). The proof is completed.
Denote Gi = AutHopf(Hi)× AutHopf(Hi), i = 1, 2.
• Define multiplication of G1 by
(α1, β1) ∗ (α2, β2) = (α2α1, α2β1α
−1
2 β2),
Then G1 is a group with unit (id, id) and (α, β)
−1 = (α−1, α−1β−1α).
• Define multiplication of G2 by
(γ1, δ1) ∗ (γ2, δ2) = (γ1γ2, δ2γ
−1
2 δ1δ2),
Then G2 is a group with unit (id, id) and (γ, δ)
−1 = (γ−1, γδ−1γ−1).
Let G = G1 ⊕G2 be the direct sum of G1 and G2.
With the above notations, Proposition 2.2 could be rewritten as
If M ∈H1LRH2(α1, β1, γ1, δ1), N ∈H1LRH2(α2, β2, γ2, δ2), then
M ⊗N ∈H1LRH2((α1, β1, γ1, δ1) ∗ (α2, β2, γ2, δ2)).
Note that if M ∈H1LRH2(α1, β1, γ1, δ1), N ∈H1LRH2(α2, β2, γ2, δ2),
P ∈H1LRH2(α3, β3, γ3, δ3), then (M⊗N)⊗P = M⊗(N⊗P ) ∈H1LRH2((α1, β1, γ1, δ1)∗
(α2, β2, γ2, δ2) ∗ (α3, β3, γ3, δ3)).
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Proposition 2.5. Let N ∈ H1LRH2(α2, β2, γ2, δ2) and (α1, β1, γ1, δ1) ∈ G. Define
(α1,β1,γ1,δ1)N = N as a vector space with structures
h′ ⇀ n = β−11 α1(h
′) ⊲ n,
n〈−1〉 ⊗ n〈0〉 = α
−1
1 α2β1α
−1
2 (n(−1))⊗ n(0),
n ↼ h′′ = n ⊳ γ−12 δ1γ2γ
−1
1 (h
′′),
n{0} ⊗ n{1} = n[0] ⊗ γ1δ
−1
1 (n[1]).
for all h′ ∈ H1, h
′′ ∈ H2, n ∈ N . Then
(α1,β1,γ1,δ1)N ∈H1LRH2(α
−1
1 α2α1, α
−1
1 α2β1α
−1
2 β2β
−1
1 α1, γ1γ2γ
−1
1 , γ1δ
−1
1 δ2γ
−1
2 δ1γ2γ
−1
1 )
=H1LRH2((α1, β1, γ1, δ1) ∗ (α2, β2, γ2, δ2) ∗ (α1, β1, γ1, δ1)
−1).
Proof. Obviously (α1,β1,γ1,δ1)N is an H1-H2-bimodule and H1-H2-bicomodule. For all
h′ ∈ H1, n ∈ n,
(h′ ⇀ n)〈−1〉 ⊗ (h
′ ⇀ n)〈0〉
= α−11 α2β1α
−1
2 [(β
−1
1 α1(h
′) ⊲ n)(−1)]⊗ (β
−1
1 α1(h
′) ⊲ n)(0)
= α−11 α2β1α
−1
2 [α2β
−1
1 α1(h
′
1)n(−1)β2β
−1
1 α1(S(h
′
3))]⊗ β
−1
1 α1(h
′
2) ⊲ n(0)
= α−11 α2α1(h
′
1)α
−1
1 α2β1α
−1
2 (n(−1))α
−1
1 α2β1α
−1
2 β2β
−1
1 α1(S(h
′
3))⊗ β
−1
1 α1(h
′
2) ⊲ n(0)
= α−11 α2α1(h
′
1)n〈−1〉α
−1
1 α2β1α
−1
2 β2β
−1
1 α1(S(h
′
3))⊗ h
′
2 ⇀ n〈0〉,
which proves (2.5). And
(h′ ⇀ n){0} ⊗ (h
′ ⇀ n){1}
= (β−11 α1(h
′) ⊲ n)[0] ⊗ γ1δ
−1
1 ((β
−1
1 α1(h
′) ⊲ n)[1])
= β−11 α1(h
′) ⊲ n[0] ⊗ γ1δ
−1
1 (n[1])
= h′ ⇀ n{0} ⊗ n{1},
which proves (2.2). For all h′′ ∈ H2,
(n ↼ h′′){0} ⊗ (n ↼ h
′′){1}
= (n ⊳ γ−12 δ1γ2γ
−1
1 (h
′′))[0] ⊗ γ1δ
−1
1 ((n ⊳ γ
−1
2 δ1γ2γ
−1
1 (h
′′))[1])
= n[0] ⊳ γ
−1
2 δ1γ2γ
−1
1 (h
′′
2)⊗ γ1δ
−1
1 [γ2S(γ
−1
2 δ1γ2γ
−1
1 (h
′′
1))n[1]δ2γ
−1
2 δ1γ2γ
−1
1 (h
′′
3)]
= n[0] ⊳ γ
−1
2 δ1γ2γ
−1
1 (h
′′
2)⊗ γ1γ2γ
−1
1 (S(h
′′
1))γ1δ
−1
1 (n[1])γ1δ
−1
1 δ2γ
−1
2 δ1γ2γ
−1
1 (h
′′
3)
= n{0} ↼ h
′′
2 ⊗ γ1γ2γ
−1
1 (S(h
′′
1))n{1}γ1δ
−1
1 δ2γ
−1
2 δ1γ2γ
−1
1 (h
′′
3),
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which proves (2.6). And
(n ↼ h′′)〈−1〉 ⊗ (n ↼ h
′′)〈0〉
= α−11 α2β1α
−1
2 [(n ⊳ γ
−1
2 δ1γ2γ
−1
1 (h
′′))(−1)]⊗ (n ⊳ γ
−1
2 δ1γ2γ
−1
1 (h
′′))(0)
= α−11 α2β1α
−1
2 (n(−1))⊗ n(0) ⊳ γ
−1
2 δ1γ2γ
−1
1 (h
′′)
= n〈−1〉 ⊗ n〈0〉 ↼ h
′′,
which proves (2.4). Thus
(α1,β1,γ1,δ1)N ∈H1LRH2((α1, β1, γ1, δ1) ∗ (α2, β2, γ2, δ2) ∗ (α1, β1, γ1, δ1)
−1).
Remark 2.6. Let M ∈H1LRH2(α1, β1, γ1, δ1), N ∈H1LRH2(α2, β2, γ2, δ2), and
(α3, β3, γ3, δ3) ∈ G. Then
(α1,β1,γ1,δ1)∗(α3,β3,γ3,δ3)N =(α1,β1,γ1,δ1)
((α3,β3,γ3,δ3)
N
)
is an object in
H1LRH2((α1, β1, γ1, δ1)∗(α3, β3, γ3, δ3)∗(α2, β2, γ2, δ2)∗(α3, β3, γ3, δ3)
−1∗(α1, β1, γ1, δ1)
−1).
And
(α3,β3,γ3,δ3)(M ⊗N) = (α3,β3,γ3,δ3)M ⊗(α3,β3,γ3,δ3)N
is an object in H1LRH2((α3, β3, γ3, δ3)∗(α1, β1, γ1, δ1)∗(α2, β2, γ2, δ2)∗(α3, β3, γ3, δ3)
−1).
Proposition 2.7. Let M ∈H1LRH2(α1, β1, γ1, δ1), N ∈H1LRH2(α2, β2, γ2, δ2). De-
note MN = (α1,β1,γ1,δ1)N . Define the map
cM,N :M ⊗N →
MN ⊗M, cM,N(m⊗ n) = β
−1
1 (m(−1)) ⊲ n[0] ⊗m(0) ⊳ δ
−1
1 (n[1]).
Then cM,N is H1-H2-bilinear and H1-H2-bicolinear with the inverse
c−1M,N :
MN⊗M →M⊗N, c−1M,N(n⊗m) = m(0)⊳δ
−1
1 (S
−1
2 (n[1]))⊗β
−1
1 (S
−1
1 (m(−1)))⊲n[0].
Moreover cM,N satisfies relations (1.1) and (1.2) and for P ∈H1LRH2(α3, β3, γ3, δ3),
c
PM,PN
= cM,N .
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Proof. It is easy to verify that cM,N is left H1-linear and right H2-colinear. For all
m ∈M,n ∈ N and h′′ ∈ H2,
cM,N((m⊗ n) ⊳ h
′′)
= cM,N(m ⊳ γ2(h
′′
1)⊗ n ⊳ γ
−1
2 δ1γ2(h
′′
2))
= β−11 (m ⊳ γ2(h
′′
1))(−1)) ⊲ (n ⊳ γ
−1
2 δ1γ2(h
′′
2))[0] ⊗ (m ⊳ γ2(h
′′
1))(0) ⊳ δ
−1
1 (n ⊳ γ
−1
2 δ1γ2(h
′′
2))[1])
= β−11 (m(−1)) ⊲ n[0] ⊳ γ
−1
2 δ1γ2(h
′′
1)⊗m(0) ⊳ δ
−1
1 (n[1])δ
−1
1 δ2γ
−1
2 δ1γ2(h
′′
2),
and
cM,N(m⊗ n) ⊳ h
′′
= (β−11 (m(−1)) ⊲ n[0] ⊗m(0) ⊳ δ
−1
1 (n[1])) ⊳ h
′′
= (β−11 (m(−1)) ⊲ n[0])↼ γ1(h
′′
1)⊗m(0) ⊳ δ
−1
1 (n[1])γ
−1
1 γ1δ
−1
1 δ2γ
−1
2 δ1γ2γ
−1
1 γ1(h
′′
2)
= β−11 (m(−1)) ⊲ n[0] ⊳ γ
−1
2 δ1γ2(h
′′
1)⊗m(0) ⊳ δ
−1
1 (n[1])δ
−1
1 δ2γ
−1
2 δ1γ2(h
′′
2).
Thus cM,N is right H2-linear. Since
cM,N(m⊗ n)(−1) ⊗ cM,N(m⊗ n)(0)
= (β−11 (m(−1)) ⊲ n[0] ⊗m(0) ⊳ δ
−1
1 (n[1]))(−1) ⊗ (β
−1
1 (m(−1)) ⊲ n[0] ⊗m(0) ⊳ δ
−1
1 (n[1]))(0)
= α1((β
−1
1 (m(−1)) ⊲ n[0])〈−1〉)α2β1α
−1
2 β2β
−1
1 ((m(0) ⊳ δ
−1
1 (n[1]))(−1))
⊗ (β−11 (m(−1)) ⊲ n[0])〈0〉 ⊗ (m(0) ⊳ δ
−1
1 (n[1]))(0)
= α2(m(−1)1)α2β1α
−1
2 (n[0](−1))α2β1α
−1
2 β2β
−1
1 (S(m(−1)3))α2β1α
−1
2 β2β
−1
1 (m(−1)4)
⊗ β−11 (m(−1)2) ⊲ n[0](0) ⊗m(0) ⊳ δ
−1
1 (n[1])
= α2(m(−1))α2β1α
−1
2 (n(−1))⊗ β
−1
1 (m(0)(−1)) ⊲ n(0)[0] ⊗m(0)(0) ⊳ δ
−1
1 (n(0)[1])
= α2(m(−1))α2β1α
−1
2 (n(−1))⊗ cM,N(m(0) ⊗ n(0))
= (m⊗ n)(−1) ⊗ cM,N((m⊗ n)(0)),
we obtain that cM,N is left H1-colinear. For all M ∈ H1LRH2(α1, β1, γ1, δ1), N ∈
H1LRH2(α2, β2, γ2, δ2), P ∈H1LRH2(α3, β3, γ3, δ3) and all m ∈ M,n ∈ N, p ∈ P , on
one hand,
cM⊗N,P (m⊗ n⊗ p)
= (α2β1α
−1
2 β2)
−1((m⊗ n)(−1)) ⊲ p[0] ⊗ (m⊗ n)(0) ⊳ δ2γ
−1
2 δ1γ2(p[1])
= (α2β1α
−1
2 β2)
−1(α2(m(−1))α2β1α
−1
2 (n(−1))) ⊲ p[0] ⊗ (m(0) ⊗ n(0)) ⊳ δ2γ
−1
2 δ1γ2(p[1])
= β−12 α2β
−1
1 (m(−1))β
−1
2 (n(−1)) ⊲ p[0] ⊗m(0) ⊳ δ
−1
1 γ2δ
−1
2 (p[1]1)⊗ n(0) ⊳ δ
−1
2 (p[1]2).
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On the other hand,
(cM,NP ⊗ id)(id⊗ cN,P )(m⊗ n⊗ p)
= (cM,NP ⊗ id)(m⊗ β
−1
2 (n(−1)) ⊲ p[0] ⊗ n(0) ⊳ δ
−1
2 (p[1]))
= β−11 (m(−1))⇀ (β
−1
2 (n(−1)) ⊲ p[0]){0} ⊗m(0) ⊳ δ
−1
1 ((β
−1
2 (n(−1)) ⊲ p[0]){1})⊗ n(0) ⊳ δ
−1
2 (p[1])
= β−12 α2β
−1
1 (m(−1))β
−1
2 (n(−1)) ⊲ p[0] ⊗m(0) ⊳ δ
−1
1 γ2δ
−1
2 (p[0][1])⊗ n(0) ⊳ δ
−1
2 (p[1])
= β−12 α2β
−1
1 (m(−1))β
−1
2 (n(−1)) ⊲ p[0] ⊗m(0) ⊳ δ
−1
1 γ2δ
−1
2 (p[1]1)⊗ n(0) ⊳ δ
−1
2 (p[1]2),
which implies the identity (1.1). Similarly we could verify the identity (1.2). For
the last statement,
c
PM,PN
(m⊗ n)
= α−13 β3β
−1
1 α1β
−1
3 α
−1
1 α3(m〈−1〉)⇀ n{0} ⊗m〈0〉 ↼ γ3γ1δ
−1
3 γ1δ
−1
1 δ3γ
−1
3 (n{1})
= α−13 β3β
−1
1 (m(−1))⇀ n[0] ⊗m(0) ↼ γ3γ1δ
−1
3 γ1δ
−1
1 (n[1])
= β−11 (m(−1)) ⊲ n[0] ⊗m(0) ⊳ δ
−1
1 (n[1])
= cM,N(m⊗ n).
The proof is completed.
Let LR(H1, H2) be the disjoint union of all H1LRH2(α, β, γ, δ), with (α, β, γ, δ) ∈
G = G1⊕G2. Endowed with the tensor product in Proposition 2.2, LR(H1, H2) be-
comes a strict monoidal category with a unit k as an object in H1LRH2(id, id, id, id).
The group homomorphism ϕ : G → Aut(LR(H1, H2)), (α, β, γ, δ) 7→ ϕ(α,β,γ,δ),
is given on components as
ϕ(α1,β1,γ1,δ1) :H1LRH2(α2, β2, γ2, δ2)→
→H1LRH2((α1, β1, γ1, δ1) ∗ (α2, β2, γ2, δ2) ∗ (α1, β1, γ1, δ1)
−1),
ϕ(α1,β1,γ1,δ1)(N) =
(α1,β1,γ1,δ1)N,
and the functor acts on morphisms as identity. The braiding in LR(H1, H2) is given
by the the family c = {cM,N}. By the above results, we have the following theorem.
Theorem 2.8. LR(H1, H2) is a braided T -category over G.
Suppose H to be a finite dimensional Hopf algebra. In [6] it is shown that
LR(H) ≃ H⊗H
∗
H⊗H∗YD as braided monoidal categories. By a similar process, if H1
and H2 are finite dimensional, we have H1LRH2 ≃
H1⊗H∗2
H1⊗H∗2
YD as braided monoidal
categories.
Just as our construction, let YD(H1 ⊗ H
∗
2 ) be the braided T -category over the
group Aut(H1 ⊗H
∗
2 ). Then we have the following result.
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Proposition 2.9. Let H1 andH2 be finite dimensional Hopf algebras. Then LR(H1, H2) ≃
YD(H1 ⊗H
∗
2 ) as braided T -categories.
Proof. Let H be a finite dimensional Hopf algebra, then
ϕ : Aut(H)→ Aut(H∗), α 7→ ϕα : H
∗ → H∗, ϕα(f)(h) = f(α(h)),
is an anti-isomorphism of group. By a similar procedure as in [6], we could obtain
this isomorphism.
Now we consider the existence of left and right dualities.
Proposition 2.10. Let M be a finite dimensional object inH1LRH2(α, β, γ, δ), then
M∗ = Hom(M, k) becomes an object in H1LRH2(α
−1, α−1β−1α, γ−1, γδ−1γ−1) with
the following structures: for all h′ ∈ H1, h
′′ ∈ H2, f ∈M
∗, m ∈M ,
(h′ ⊲ f)(m) = f(S1(h
′) ⊲ m),
f(−1) ⊗ f(0)(m) = α
−1β−1S−11 (m(−1))⊗ f(m(0)),
(f ⊳ h′′)(m) = f(m ⊳ δ−1γ−1S−12 (h
′′)),
f[0](m)⊗ f[1] = f(m[0])⊗ S2(m[1]).
Moreover M∗ is the left duality of M .
Proof. For all h′ ∈ H1, h
′′ ∈ H2, f ∈M
∗, m ∈M ,
α−1(h′1)f(−1) ⊗ (h
′
2 ⊲ f(0))(m)
= α−1(h′1)f(−1) ⊗ f(0)(S1(h
′) ⊲ m)
= α−1(h′1)α
−1β−1S−11 ((S1(h
′) ⊲ m)(−1))⊗ f((S1(h
′) ⊲ m)(0))
= α−1β−1S−11 (m(−1))α
−1β−1α(h′2)⊗ f(S1(h
′
1) ⊲ m(0))
= α−1β−1S−11 (m(−1))α
−1β−1α(h′2)⊗ (h
′
1 ⊲ f)(m(0))
= (h′1 ⊲ f)(−1)α
−1β−1α(h′2)⊗ (h
′
1 ⊲ f)(0)(m),
which proves
α−1(h′1)f(−1) ⊗ (h
′
2 ⊲ f(0)) = (h
′
1 ⊲ f)(−1)α
−1β−1α(h′2)⊗ (h
′
1 ⊲ f)(0).
And
(f[0] ⊳ h
′′
1)(m)⊗ f[1]γδγ
−1(h′′2)
= f[0](m ⊳ δ
−1γ−1S−12 (h
′′
1))⊗ f[1]γδγ
−1(h′′2)
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= f((m ⊳ δ−1γ−1S−12 (h
′′
1))[0])⊗ S2((m ⊳ δ
−1γ−1S−12 (h
′′
1))[1])γδγ
−1(h′′2)
= f(m[0] ⊳ δ
−1γ−1S−12 (h
′′
2)))⊗ S2(γδ
−1γ−1(h′′3)m[1]γ
−1S−12 (h
′′
1))γδ
−1γ−1(h′′4)
= f(m[0] ⊳ δ
−1γ−1S−12 (h
′′
2)))⊗ γ
−1(h′′1)S2(m[1])
= (f ⊳ h′′2)(m[0])⊗ γ
−1(h′′1)S2(m[1])
= (f ⊳ h′′2)[0](m)⊗ γ
−1(h′′1)(f ⊳ h
′′
2)[1],
which proves
(f[0] ⊳ h
′′
1)⊗ f[1]γδγ
−1(h′′2) = (f ⊳ h
′′
2)[0] ⊗ γ
−1(h′′1)(f ⊳ h
′′
2)[1].
Also
(h′ ⊲ f)[0](m)⊗ (h
′ ⊲ f)[1] = (h
′ ⊲ f)(m[0])⊗ S2(m[1])
= f(S1(h
′) ⊲ m[0])⊗ S2(m[1]) = f((S1(h
′) ⊲ m)[0])⊗ S2((S1(h
′) ⊲ m)[1])
= f[0](S1(h
′) ⊲ m)⊗ f[1] = (h
′ ⊲ f[0])(m)⊗ f[1],
and
(f ⊳ h′′)(−1) ⊗ (f ⊳ h
′′)(0)(m) = α
−1β−1S−11 (m(−1))⊗ (f ⊳ h
′′)(m(0))
= α−1β−1S−11 (m(−1))⊗ f(m(0) ⊳ δ
−1γ−1S−12 (h
′′))
= α−1β−1S−11 ((m ⊳ δ
−1γ−1S−12 (h
′′))(−1))⊗ f((m ⊳ δ
−1γ−1S−12 (h
′′))(0))
= f(−1) ⊗ f(0)(m ⊳ δ
−1γ−1S−12 (h
′′)) = f(−1) ⊗ (f(0) ⊳ h
′′)(m).
ThereforeM∗ is an object inH1LRH2(α
−1, α−1β−1α, γ−1, γδ−1γ−1). Define the value
map ev and covalue map coev, respectively as follows:
ev : M∗ ⊗M → k, f ⊗m 7→ f(m),
coev : k →M ⊗M∗, 1 7→
∑
i
mi ⊗m
i,
where {mi} and {m
i} are dual bases in M and M∗. We prove that ev and coev are
H1-H2-bilinear. Indeed
ev(h′ ⊲ (f ⊗m) ⊳ h′′) = ev(h′1 ⊲ f ⊳ γ(h
′′
1)⊗ h
′
2 ⊲ m ⊳ δ
−1(h′′2))
= (h′1 ⊲ f ⊳ γ(h
′′
1))(h
′
2 ⊲ m ⊳ δ
−1(h′′2))
= ε(h′)ε(h′′)f(m),
and
h′ ⊲ (
∑
i
mi ⊗m
i) ⊳ h′′
11
=
∑
i
h′1 ⊲ mi ⊳ γ
−1(h′′1)⊗ h
′
2 ⊲ m
i ⊳ γδγ−1(h′′2).
For all m ∈M ,
∑
i
h′1 ⊲ mi ⊳ γ
−1(h′′1)⊗ (h
′
2 ⊲ m
i ⊳ γδγ−1(h′′2))(m)
=
∑
i
h′1 ⊲ mi ⊳ γ
−1(h′′1)⊗m
i(S1(h
′
2) ⊲ m ⊳ γ
−1S−12 (h
′′
2))
= ε(h′)ε(h′′)m,
which implies coev(h′ ⊲ 1 ⊳ h′′) = h′ ⊲ coev(1) ⊳ h′′.
Next we prove that ev and coev are H1-H2-bicolinear.
(f ⊗m)(−1) ⊗ ev((f ⊗m)(0))
= α(f(−1))β
−1(m(−1))⊗ f(0)(m(0))
= β−1S−11 (m(0)(−1))β
−1(m(−1))⊗ f(m(0)(0))
= f(m)1⊗ 1 = (ev(f ⊗m))−1 ⊗ (ev(f ⊗m))0,
(
∑
i
mi ⊗m
i)(−1) ⊗ (
∑
i
mi ⊗m
i)(0)(m)
=
∑
i
α−1(mi(−1))⊗ α
−1βα(mi(−1))⊗mi(0) ⊗m
i
(0)(m)
=
∑
i
α−1(mi(−1))α
−1S−11 (m(−1))⊗mi(0) ⊗m
i(m(0))
= 1⊗m = (coev(1)⊗ 1)(m).
It is straightforward to check that coev is right H2-colinear. Finally it is trivial to
verify the identities
(idM ⊗ ev)(coev ⊗ idM) = idM ,
(ev ⊗ idM∗)(idM∗ ⊗ coev) = idM∗ .
Therefore M∗ is the left duality of M . The proof is completed.
Similarly we have the following result.
Proposition 2.11. Let M be a finite dimensional object inH1LRH2(α, β, γ, δ), then
∗M = Hom(M, k) becomes an object in H1LRH2(α
−1, α−1β−1α, γ−1, γδ−1γ−1) with
the following structures: for all h′ ∈ H1, h
′′ ∈ H2, f ∈
∗M,m ∈M ,
(h′ ⊲ f)(m) = f(S−11 (h
′) ⊲ m),
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f(−1) ⊗ f(0)(m) = α
−1β−1S1(m(−1))⊗ f(m(0)),
(f ⊳ h′′)(m) = f(m ⊳ δ−1γ−1S2(h
′′)),
f[0](m)⊗ f[1] = f(m[0])⊗ S
−1
2 (m[1]).
Moreover ∗M is the right duality of M .
Let LR(H1, H2)fd be the subcategory of LR(H1, H2) consisting of all finite di-
mensional objects. By the above two results, we have
Theorem 2.12. LR(H1, H2)fd is a rigid braid T -category over G.
3 The case of group algebras
The aim of this section is to describe LR(H1, H2) if H1 and H2 are the group
algebras k[G1] and k[G2] of the groups G1 and G2, respectively.
Let α, β ∈ Aut(G1), γ, δ ∈ Aut(G2). An (α, β, γ, δ)-Yetter-Drinfeld-Long bimod-
ule M over k[G1] and k[G2] is a G1-G2-bimodule with a decomposition
M =
⊕
g∈G1,h∈G2
gMh,
such that for g, g′ ∈ G1, h, h
′ ∈ G2, we have g
′ ⊲gMh ⊳ h
′ ⊆α(g′)gβ(g′−1)Mγ(h′−1)hδ(h′).
If α1, β1, α2, β2 ∈ Aut(G1), γ1, δ1, γ2, δ2 ∈ Aut(G2),
M =
⊕
g∈G1,h∈G2
gMh ∈H1LRH2(α1, β1, γ1, δ1),
and
N =
⊕
g∈G1,h∈G2
gNh ∈H1LRH2(α2, β2, γ2, δ2).
Then
M ⊗N ∈H1LRH2(α2α1, α2β1α
−1
2 β2, γ1γ2, δ2γ
−1
2 δ1γ2),
with the actions
g ⊲ (m⊗ n) = g ⊲ m⊗ g ⊲ n,
(m⊗ n) ⊳ h = m ⊳ γ2(h)⊗ n ⊳ γ
−1
2 δ1γ2(h),
and decompositions
M ⊗N =
⊕
c∈G1,d∈G2
( ⊕
α−1
2
(g1)α2β
−1
1
α−1
2
(g2)=c, h1h2=d
g1Mh1 ⊗g2Nh2
)
.
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Let (α1,β1,γ1,δ1)N = N as vector space with actions
g ⇀ n = β−11 α1(g) ⊲ n, n ↼ h = n ⊳ γ
−1
2 δ1γ2γ
−1
1 (h),
for all n ∈ N, g ∈ G1, h ∈ G2, and decompositions
N =
⊕
g∈G1,h∈G2
α2β
−1
1
α−1
2
α1(g)
Nδ1γ−11 (h)
.
The braiding cM,N : M ⊗ N →
MN ⊗ M acts on homogeneous elements m ∈
g1Mh1 , n ∈ g2Nh2 as cM,N(m ⊗ n) = β
−1
1 (g1) ⊲ n ⊗ m ⊳ δ
−1
1 (h2). Hence it sends
g1Mh1 ⊗g2Nh2 to α2β−11 (g1)g2β2β
−1
1
(g−1
1
)Nh2 ⊗g1Mγ1δ−11 (h
−1
2
)h1h2
.
Let M =
⊕
g∈G1,h∈G2g
Mh ∈ H1LRH2(α, β, γ, δ) be finite dimensional. Since the
antipode S = S−1 for k[G1] and k[G2], we have M
∗ = ∗M , and its structure could
be described as follows: for all g ∈ G1, m ∈M, f ∈M
∗,
(g ⊲ f)(m) = f(g−1 ⊲ m),
(f ⊳ h)(m) = f(m ⊳ δ−1γ−1(h−1)),
The decomposition is M∗ =
⊕
g∈G1,h∈G2
(βα(g−1)Mh−1)
∗
4 An isomorphism of categories H1LRH2(α, β, γ, δ) ≃
H1LRH2
Theorem 4.1. Let α, β ∈ Aut(H1), γ, δ ∈ Aut(H2), and assume that there exists
a quadruple (f1, g1, f2, g2) in involution corresponding to (α, β, γ, δ). Then the cate-
gories H1LRH2(α, β, γ, δ) and H1LRH2 are isomorphic.
A pair of inverse functors (F,G) is given as follows. If M ∈H1LRH2(α, β, γ, δ),
then F (M) ∈H1LRH2, where F (M) =M as vector space, with structures
h′ → m = f1(β
−1S(h1))β
−1(h2) ⊲ m, m〈−1〉 ⊗m〈0〉 = g1m(−1) ⊗m(0),
m← h′′ = m ⊳ γ−1(h′′1)f2(γ
−1S(h′′2)), m{0} ⊗m{1} = m[0] ⊗m[1]g
−1
2 .
If N ∈H1LRH2, then G(N) ∈H1LRH2(α, β, γ, δ), where G(N) = N as vector space,
with structures
h′ ⊲ n = f1(h
′
1)β(h
′
2)→ n, n(−1) ⊗ n(0) = g1n〈−1〉 ⊗ n〈0〉,
n ⊳ h′′ = n← γ(h′′1)f2(h
′′
2), n[0] ⊗ n[1] = n{0} ⊗ n{1}g2.
Both F and G act as identities on morphisms.
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Proof. The proof can be obtained by direct computations.
Corollary 4.2. For any α ∈ Aut(H1), γ ∈ Aut(H2), we have
H1LRH2(α, α, γ, γ) ≃H1LRH2 .
Proof. Since (ε1, 1, ε2, 1) is a quadruple in involution corresponding to (α, α, γ, γ),
the isomorphism can be obtained by Theorem 4.1.
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